Abstract. A necessary and sufficient condition for an inner function F in the upper half-plane (U HP ) to satisfy F = E * E where E is a de Branges function and E * (z) := E(z) is presented. Since F E := E * E is inner for any de Branges function E, and the map f → f /E is an isometry of the de Branges space H(E) onto S(F E ) := H 2 ⊖ F E H 2 , there is a natural bijective correspondence between de Branges spaces of entire functions and the set of subspaces H 2 ⊖ F H 2 , for which F = E * /E for some de Branges function E. Under the canonical isometry of H 2 (U HP ) onto H 2 (D) the subspaces S(F E ) become certain invariant subspaces for the backwards shift in H 2 (D).
Introduction
A de Branges function E is an entire function which satisfies the inequality |E(z)| > |E(z)| for all z ∈ U HP . Here U HP, LHP denote the open upper and lower half-planes. Given a de Branges function E, the de Branges space H(E) is defined as the space of all entire functions f such that f /E and f * /E belong to H 2 (U HP ). Here, for an entire function f , f * is the function defined by f * (z) := f (z). The inner product of f, g ∈ H(E) is defined as f, g := f /E, g/E L 2 (R) , and the de Branges space H(E) is a Hilbert space with respect to this inner product [1] .
Any de Branges space H(E) can be readily identified with a semi-invariant subspace for the semi-group e itM ; t ≥ 0 acting on H 2 (U HP ), where M is the selfadjoint operator of multiplication by the independent variable in L 2 (R). Under the canonical isometry of H 2 (U HP ) onto H 2 (D), where D denotes the open unit disc in C,
any such subspace becomes an invariant subspace for the backwards shift in H 2 (D). This identification can be achieved as follows. The defining inequality for the de Branges function E shows that F E := E * /E is analytic and bounded by 1 in the upper half plane and |F E (x)| = 1 for all x ∈ R. Note that the zeroes of E are contained in LHP . Hence, F E ∈ H ∞ (U HP ) is inner. Recall, by the Beurling-Lax theorem that F H 2 (U HP ) is invariant for the semi-group e itM ; t ≥ 0 for any inner F . Further recall that if S is a semi-group of bounded operators on a Hilbert space This work is funded by an NSERC postdoctoral fellowship.
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H, that a subspace S ⊂ H is called semi-invariant for S if P S S| S , where P S is the orthogonal projector of H onto S, is a semi-group of operators on S. It is not difficult to show (see e.g. Lemma 0, [2] ), that S is semi-invariant for S if and only if S = S 1 ⊖ S 2 where S i ⊂ H are invariant subspaces for S such that S 2 ⊂ S 1 .
It follows that for any de Branges function E, the subspace S(
is semi-invariant for the semigroup e itM ; t ≥ 0. The following theorem shows that any H(E) can be identified with the subspace S(F E ) ⊂ H 2 (U HP ).
This theorem is not difficult, and seems as though it should be a well-known fact. However, as we have been unable to locate a reference, the proof is provided below.
Proof. For the proof, let
To see that U is onto, consider the point evaluation vectors
w ∈ U HP . Inner products of elements of H(E) with δ w yields point evaluation at w: f, δ w = f (w) for all w ∈ U HP and f ∈ H(E). Since U H(E) ⊂ S(F E ), the vectors K w where K w (z) := E(w)
it is straightforward to check that K w is actually the point evaluation vector in S(F E ) at w for any w ∈ U HP , i.e., g, K w = g(w) for any g ∈ S(F E ) and w ∈ U HP . Since U is an isometry, its range is closed in S(F E ). Therefore if U is not onto then there is a non-zero vector h ∈ S(F E ) ⊖ U H(E). Such an h would obey h(w) = h, K w = h, U δ w = 0 for all w ∈ U HP . Since h ∈ H 2 this can only happen if h = 0. This proves that S(F E ) ⊖ U H(E) = {0} so that U is an isometry from H(E) onto S(F E ).
1.0.1. Remark. It follows readily from the above theorem that if M denotes the operator of multiplication by the independent variable in
is semi-invariant for the semi-group e itM ; t ≥ 0, and the unitary group e itM ; t ∈ R is the minimal unitary dilation of the compression of e itM ; t ≥ 0 to H(E).
Inner Functions and de Branges functions

Since any de Branges space H(E) is naturally identified with S(F
and F E = E * /E is inner, it is natural ask which inner functions F ∈ H ∞ (U HP ) can be written as F = E * /E for some de Branges function E. This question is answered in this section. (1 − z/z n ) defines a de Branges function such that B = E * /E. Indeed, it is elementary to verify that each factor (1 − z/z n ) in the product is a de Branges function. Each z n = x n + iy n ∈ U HP so that if
Furthermore, it is clear that any finite product of de Branges functions is itself a de Branges function so that E is a de Branges function. Given an arbitrary convergent Blaschke product B, the following theorem determines when there is a de Branges function E such that B = E * /E. Theorem 2. Let B ∈ H ∞ (U HP ) be a non-constant Blaschke product, and let (z n ) n∈N ⊂ U HP denote its zeroes, arranged so that |z n | ≤ |z n+1 | ∀n. Then there is a de Branges function E such that B = E * /E if and only if lim inf n→∞ |z n | = ∞.
The condition on the zeroes of B stated above simply means that the zeroes have no accumulation point at any finite real value. Recall that a Blaschke product B with zeroes (z n = x n + iy n ) n∈N ⊂ U HP defines a function in H ∞ (U HP ) if and only if
Proof. Clearly this condition is necessary, since if B = E * /E, then B(z) = 0 for z ∈ U HP if and only if E * (z) = 0. Since E * is entire, its zeroes cannot accumulate at any point x ∈ R, so the condition lim inf n→∞ |z n | = ∞ must hold.
Sufficiency is more difficult. Given a Blaschke product B, satisfying the above condition, consider the infinite product 
. This shows that E will be a de Branges function.
To prove the theorem, it remains to show that the E N (z) converge uniformly on compacta. Observe that
where
Since the E N (z) are the usual Weierstrass partial products, they converge uniformly on compacta to an entire function E(z). It follows that to prove the theorem, it is sufficient to show that
formly on compacta to an entire function g. This will be established if it can be shown that
for any fixed r > 0. Observe that |Im
and that the binomial formula implies:
It follows that
Since lim < ∞ since z n are the zeroes of a Blaschke product. Now consider
If S 3 (r) < ∞, then since it converges absolutely, one can interchange the order of summations to show that it is an upper bound on S 2 (r). To bound S 3 (r), and hence S 2 (r), consider the sum T (a) := 
This is clearly finite since ∞ n=1 |Im(zn)| |zn| 2 < ∞ and 1 + ln
This proves that g N and hence E N converge uniformly on compacta so that E := lim N →∞ E N , is entire and the proof is complete.
Remark. If the zeroes of B(z) further obey
where q p (z) := p k=1 1 k z k for p ≥ 1 and q 0 := 0. As in the proof of the above theorem, it is not hard to see that if this infinite product converges, it will be a de Branges function E such that B = E * /E. In particular, if p = 0, one immediately concludes that E is a de Branges function with the desired properties. For p > 0, it is not hard to show that this infinite product will converge if Proof. Necessity is not difficult to show. If F is inner then F = BS where B is a Blaschke product and S is a singular inner function. If F = E * /E for a de Branges function E, then given any point x ∈ R, there is an open ball B r (x) of radius r > 0 about x in which F is analytic. It follows that S must be continuously extendible to the whole real axis. This can only happen if S(z) = e iλz for some λ ≥ 0 (see e.g., [3] , pgs. 68-69). Sufficiency is also easy. If S(z) = e iλz and E is a de Branges function such that B = E * / E, then one can easily verify that E(z) := e −i λ 2 z E(z) is a de Branges function such that F = E * /E. Such a de Branges function E exists by Theorem 2.
Corollary 2. If E is a de Branges function and (z n ) n∈N are its zeroes in LHP ordered so that |z n | ≤ |z n+1 |, then ∞ n=1 Im 1 zn < ∞ and,
where λ ≥ 0, p n (z) := n k=1 1 kzn k z k and G = G * is an entire function whose zeroes lie on the real axis.
Note that an entire function G obeys G = G * if and only if it is real on the real axis. Further note that if λ = 0 then E has at least one zero z ∈ LHP . This follows since F E = E * /E is non-constant for any de Branges function E.
Proof. The condition on the zeroes of E in LHP is easy to show. Since E is a de Branges function F = E * /E is inner, and z ∈ U HP is a zero of F if and only if z is a zero of E. Hence,
, λ ≥ 0 be the singular part of F . Let (x n ) n∈N ⊂ R be the zeroes of E on R ordered so that |x n+1 | ≥ |x n |.
Then it is clear that the Weierstrass product
where q n (z) := n k=1
defines a de Branges function such that F = E * / E so that
. Since E and E have the same zeroes,
is an entire function without zeroes such that
whose zeroes lie on R, and E = G E = GE 0 E 1 = GE 1 .
Corollary 3. Suppose that F is an inner function such that F (z) = e iλz B(z); λ ≥ 0, where B(z) is a Blaschke product whose zeroes (z n ) ⊂ U HP have no finite accumulation point. If a de Branges function E satisfies F = E * /E, it has the form given in Corollary 2, i.e. it is unique up to an entire function G which satisfies G = G * , and whose zeroes lie on R.
Proof. The zeroes of E in LHP must be (z n ) ∞ n=1 , and E * /E = F so that E must have the form given in Corollary 2.
E2 so that multiplication by G/F is an isometry of H(E 1 ) onto H(E 2 ). Moreover, given the representation of any de Branges function in Corollary 2, it follows that if any two de Branges functions E 1 and E 2 have the same zeroes in LHP , and same value of λ, then multiplication by E 2 /E 1 is an isometry of H(E 1 ) onto H(E 2 ).
2.0.4. Remark. Given any de Branges function E, Corollary 2 shows that E = GE 1 where E 1 is a de Branges function without real zeroes and G = G * . Since multiplication by E 1 /E is an isometry of H(E) onto H(E 1 ), Theorem 18 of [4] , implies that any point λ ∈ R which is not a zero of E 1 is a regular point for the symmetric linear transformation, M of multiplication by z in H(E 1 ). Recall here that multiplication by z is always a closed simple symmetric linear transformation with deficiency indices (1, 1) in any de Branges space H(E) [1] . Further recall that λ ∈ C is called a regular point for M if M − λ is bounded below, and M is called regular if every λ ∈ C is a regular point for M . Since E 1 has no real zeroes, it follows that the symmetric linear transformation of multiplication by z in H(E 1 ), and hence in any de Branges space H(E) is always regular.
As a final observation, note that if E = E 1 E 2 and E 1 , E 2 and hence E are de Branges functions, then it is easy to check that H(E) = E 2 H(E 1 ) ⊕ E * 1 H(E 2 ). This follows from Theorem 1 and the well-known fact that if F = F 1 F 2 where F 1 and F 2 and hence F are inner functions then S(F ) = (F H 2 ) ⊥ = S(F 1 ) ⊕ F 1 S(F 2 ) [5] .
